ASYMPTOTIC ESTIMATES FOR LIMIT CIRCLE PROBLEMS
C. A. SWANSON 1. Preliminaries* Characteristic value problems will be considered for the second order, ordinary, linear differential operator L defined by on the open interval ω_ < s < ω + , where k, p, q are real-valued functions on this interval with the properties that (i) p is differentiate; (ii) k and q are piecewise continuous; and (iii) k and p are positive-valued. The points ω_ and ω + are in general singularities of L; the possibility that they are ± oo is not excluded. It will be convenient to use the notations ct _ (1.2) (x, yYs = I x{u)y{u)k{u)du, ω_ ^ s < t ^ ω+ ,
Js (1.3) [xy](s) = p(s)[x(s)y'(s) -x'(s)y(s)] .
Then Green's symmetric formula for L has the form (
1.4) (Lx, y)l -{x, Ly)l = [xy](t) -[xy](s)
.
The symbols [xy](±) will be used as abbreviations for the limits of [xy](s)
as s -> ω ± , and (x f y) will be used for the left member of (1.2) when s, t have been replaced by <*>_, ω + . Let ξ>, g α& denote the Hubert spaces which are the Lebesgue spaces with respective inner products (x, y) , (x, y)l and norms ||α>|| = (x, x) ll \ \\x\\\ = [(a?, x) h a\ ll \ ω.^a<b^ω + . Let α 0 and b 0 be fixed numbers satisfying ω_ < α 0 < 6 0 < ω+ and let R o be the rectangle in the a -δ-plane described by the inequalities ω^ < a g α 0 , b 0 ^b < ω + . Every closed, bounded subinterval [α, b] of the basic interval (α>_, α> + ) can be associated in a one-to-one manner with a point in i? 0 . For every such [α, 6] we shall consider the regular SturmLiouville problem Our problem is to obtain estimates for each characteristic value μ -μ ah of (1.5) for α, b near ω_, ω + under hypotheses that will ensure that the limits of μ ab as a,b-> ω_, ω+ will exist. Also, we shall obtain estimates for the corresponding characteristic functions y = y ab = y ab (s) on a g s <^ 6. Results like this for differential operators having a singularity at one endpoint were obtained previously by an integral equations approach [8] , [9] . The present paper contains extensions of some of these results to operators (1.1) which have singularities at both endpoints. Furthermore, the present approach to the problem will be different; the estimates will now be obtained by means of projection mappings on suitable Hubert spaces. The method arises from an idea communicated by Professor H. F. Bohnenblust, and affords an elegant and abstract approach to the type of perturbation problem at hand [l] . Also, the present method is powerful enough to handle a variety of domain-perturbed problems that arise in the study of elliptic partial differential equations. Some of these have been considered already [10] and the author has several others in preparation.
Here the method will be illustrated in the case that both of the singularities ω ± of the operator (1.1) are limit circle singularities in the well-known classification of H. Weyl [2, p. 225] . In another paper we shall consider the limit point cases (and mixed cases) in which some additional hypotheses are needed on the growth of the coefficient functions in (1.1) as s -> ω ± to ensure the existence of isolated characteristic values λ of L on (ω_, ω + ); however, very general boundary operators U a , U b will then permit convergence of μ ab to λ. For additional details, see [8] .
In the limit circle case herein under consideration, no special assumptions will be imposed on the nature of L at ft) ± , but the generality of the boundary operators must be sacrificed in order to ensure the convergence of μ ab . Our purpose here is to obtain asymptotic estimates rather than asymptotic expansions for the characteristic values and functions as α, 6 -• ω_, ω + . Asymptotic formulae and expansions will be published elsewhere.
2 Basic and perturbed problems* Rather than general spectral theory, we are interested in cases that the limits of μ ah as α, b -> ω__, ω + exist in the elementary sense. Thus, characteristic values of suitable singular boundary value problems for L on (α>_, ω + ) are supposed to exist. These singular problems are described differently according as the points ω ± are in the limit point or limit circle categories. The description is made as follows when both are limit circle singularities [2] , [6] : choose a complex number l 0 with Im l 0 Φ 0, and let L o be the differential operator L -l 0 . A theorem of Weyl [6] states that there exist linearly independent solutions ψ ± e ξ> of L 0 <p = 0 such that 
Then L on 3) is real and essentially self-ad joint [6] . The basic characteristic problem
is known to have a denumerable set of characteristic values X n and corresponding characteristic functions x n which are orthonormal and complete in ξ> (n = 1, 2, •). Two classes of perturbation problems (1.5) will be considered. The limiting behaviour of class 1 boundary operators U af U b as α, b -> ω_, ω+ is rather arbitrary (see §5) while the limiting behaviour of class 2 operators ( § §2, 3, 4) is restricted as follows:
for every differentiate function ?/. A perturbed domain ® αδ is defined for each [α, 6] e ί? 0 to be the set of all y in the subspace g α& of ξ) which satisfy the following conditions: (a) y is differentiate and y' is absolutely continuous on [α, 6] ; (b) Lye% ab (c) ?/ satisfies the homogeneous boundary conditions (1.5) where the boundary operators U a , U b have the limiting behaviour (2.4). The perturbed characteristic value problem that corresponds to this domain is the regular Sturm-Liouville problem (2.5) Ly = μy, ye 2) αδ .
In addition, we define a domain ® α for each a on (ω_, α 0 ] to be the set of all z e % aω+ which satisfy the following:
(a) z is differentiate and z* is absolutely continuous on every closed subinterval of [α, ω+) ; (b) L*eg αω+ (c) z satisfies the conditions (2.3) and (2.5), and will be called a semi-perturbed problem. In order to obtain estimates for the difference between the characteristic values and functions of (2.5) and (2.3), we shall proceed in two steps: (i) the comparison of (2.5) with (2.7), and (ii) the comparison of (2.7) with (2.3). The details of (i) and (ii) are included in § §3 and 4 respectively. Each comparison has independent interest because it is typical for a boundary variational problem when only one endpoint is varied and the unchanged endpoint is (i) an ordinary point; (ii) a singular point of the differential operator. Type (ii) variational problems arise for example in the theory of enclosed quantum mechanical systemsf 4], [5] .
3 Comparison of the y and z problems. The characteristic value problems (2.5) and (2.7) will be compared, with (2.7) regarded as basic and (2.5) regarded as a perturbation on (2.7). In this case, the singular boundary condition [zφ+]( + ) -0 is replaced by the regular condition U b z = 0 at the point b. λVe are going to estimate the variation of characteristic values and functions under this perturbation, and show that this variation has the limit 0 as b -> ω + . The ordinary endpoint a remains fixed in this section.
Let G ab (s, t) be the Green's function for the operator kL 0 associated with the boundary conditions (1.5), and let G ab be the linear transformation on % ab defined by the equation 
It is easily verified because of the linearity of all the operators involved that / is a solution of the boundary value problem
The solution ψ a of L o y = 0 that is given by We may suppose that 6 0 has been selected so that C \ U b z a | ^ 1/4 on b 0 ^ b < G> + . Hence P(2p b )z a = 0 implies that 2 α = 0 on [α, 6] , and therefore %ab(%Pι>) has dimension ^ 1.
Hence there exists at least one characteristic value μ = μ ab of (2.5) which satisfies (3.8) \μ a *-K\ S2p b , [a,b] e R Q .
To prove that there is exactly one, we conclude from the maximumminimum principle for characteristic values [3] , [7] that the absolute value of the ίth characteristic value v\ of (2.7) cannot decrease when a boundary condition at 6 is adjoined, and hence \v\\ <Ξ \μi b \ (i = 1, 2, •)• Since the numbers v\ do not accumulate and since p b ->0 as b -> ω + , there is a constant 6 0 such that 2p b is less than the minimum of all the differences \v{ -v% (i, j = 1, 2, i ^fc i) whenever 6 ^ & 0 . If 0 < ί < ^L it follows from (3.8) that exactly one characteristic value μ ab . of (2.5) lies in the interval [vl, v\ + 2p b ] , A similar statement applies to the case that one or both of v\, v\ are negative.
In order to prove by induction that there is exactly one μi b which satisfies \μ\ b -v\\ ^ 2p b (ί = 1, 2, •)> assume that this is true for each integer i^n.
In 
4.
Comparison of the z and x problems* The characteristic value problems (2.7) and (2.3) will now be compared, with (2.7) regarded as a perturbation of the basic problem (2.3). The perturbation arises from the singular end condition [xφJ\(-) = 0 being replaced by a homogeneous boundary condition at the point α. The novelty of this section is due to the singular nature of the unchanged endpoint ω t .
Let λ be a characteristic value of (2.3) and let x be the corresponding normalized characteristic function. Let G a be the linear integral operator on g αω+ whose kernel is the Green's function for kL 0 associated with the boundary conditions (2.6). This operator is defined similarly to the operator G ab in (3.1) [6] . Let a function g on [α, ω + ) be defined by
The analogue of (3.5) is
It follows from the postulated boundary conditions (2.2) at ω_ that [xφj\(a) -> 0 as a -» &>_, and hence by (2.4) that U a x -• 0 as a -> <*>_. It was proved above (3.6) that | U a φ+\ -> 1 as a -> α>_, and since φ + e φ, we obtain the inequality (4.4):
the order symbol being valid as b -» ω + uniformly on o>_ < a ^ α 0 . We use formula (1.4) to obtain
2), (2.6), we deduce from the Schwarz inequality on g 6ω+ that 
x\).
The first statement of the theorem is then a consequence of (4.5) and (4.6) . The proof of the second statement is similar and will be omitted.
Finally, we shall obtain uniform estimates for the difference y ab (s) -x(s) on a g s g b. We remark in passing that the asymptotic result Vab(s) = x(s) [l + o(l) ] as α, δ-> ω_, ω + cannot be valid for s near the boundaries α, b nor can it be valid near any zeros of x(s). Uniform estimates will now be derived by the same technique that proves useful in certain domain-perturbed problems concerning elliptic partial differential equations [1] , when φ ± (s) are bounded on (α>_, ω+).
First it will be shown that (λ -l o )G ab x(s) gives a uniform estimate for y ab (s) on a g s ^ b. Let ψ a (s) be the function (3.4) and let f b {s) be defined by Let the function / on [a, b] be defined by
Since / satisfies L 0 /=0, U a f = U b f = 0, / is identically zero. The following uniform estimate is then a direct consequence of (4.6): (2.4) of the boundary operators U a , U b , the limiting behaviour of class 1 boundary operators is essentially arbitrary. In regard to the perturbation a -> α>_, a class 1 boundary operator U a is defined as follows. Let φ + be the function defined in §2 and let x be a characteristic function of the basic problem (2.3) corresponding to the characteristic value λ. Class 1 perturbation problems are possible when the singularity ω_ is not an accumulation point of the zeros of <p+ and (5.1) x(s)l<p+(s) = o(l) as s -> ω_ .
In this event, U a is said to be a class 1 boundary operator on (ω_, α 0 ] whenever the ratio φ+(a) U a xlx(a) U a φ + is bounded on this interval. This rather mild restriction on U a implies that (5.2) ε α = I U a xlU a φ+\ = o(l) as a -> ω_ .
An example is given in [8, pages 838-840] when ω_ = 0 is a regular singularity of L, with p(s) -1. In this event, a sufficient condition that the boundedness requirement above (5.2) be satisfied is that the limit σ = lim α^0 [aaoWla^a)] exists (finite or oo) and σ Φ -p, where p denotes the smaller of two real, distinct exponents at the singularity 0. Let g be defined by (4.1) . Then (4.2) is valid but under the assumptions of this section, (4.3) is replaced by (5.3) \\x-7G a x\\a^Cε a \\x\\ a where ε a is defined by (5.2) . In the notation of § §2, 3, Since ε α = o(l) as a -> ω_, Theorems 2 and 3 are valid with the replacement ε α instead of | U a x \. A similar statement is appropriate in the event that U b is a class 1 boundary operator.
In the example of a regular singularity ω_ = 0 with real exponents ft, ρ 21 it turns out that ε a = O(α 
